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Abstract 

The bending map of a hyperbolic 3-manifold maps a convex cocompact hyperbolic metric 
on a hyperbolic 3-manifold with boundary to its bending measured geodesic lamination. As 
proved in (Kfi£| and |KaTj . this map is continuous. In the present paper we study the 
extension of this map to the space of geometrically finite hyperbolic metrics. We introduce 
a relationship on the space of measured geodesic laminations and shows that the quotient 
map obtained from the bending map is continuous. 

Introduction 

Let M be a compact, orientable 3-manifold with boundary. Assume that M is hyperbolic, namely 
that the interior of M is endowed with a complete metric a of constant sectional curvature —1. 
Assume also that dM contains a surface with genus greater than 1. A fundamental subset of 
(M, a) is its convex core N(a). This core N(a) is defined as the smallest non-empty closed subset 
of the interior of M which is locally convex and homotopically equivalent to M. Its boundary 
dN(a) endowed with the intrinsic metric (given by rectifiable path length) is isometric to a hy- 
perbolic surface of finite volume and can be embedded in a natural way into dM. This surface is 
bent along a geodesic lamination and the amount of bending is described by a measured geodesic 
lamination called the bending measured geodesic lamination of a (cf. |Thj or |CEGj ). This yields 
a bending map b which to a complete hyperbolic metric associates its bending measured geodesic 
lamination. 

In [Bo2j, F. Bonahon considers quasi-isometric deformations of a given metric a on int(M), 
namely hyperbolic metrics a' on int(M) for which there exists a diffeomorphism 
(int(M),a) — ► (int(M),a') whose differential is uniformly bounded. Let J23>(a) be the space of 
quasi-isometric deformations of a given metric <7, where we identify two deformations 
(int(M),a) -> (int(M),a') and (int(M),a) -> (int(M),a") if they are isotopic. The conti- 
nuity of the bending map b : J2@(a) —> .<#J?f (<9M) is proved in |KaTj . using ideas of Thurston. 
Its differentiability (in a weak sense) is proved in |Bo2j . 

A complete hyperbolic metric a on int(M) is said to be convex cocompact if N(a) is compact. 
If a is convex cocompact, then J2S)(a) is the set of convex cocompact metrics on int(M). In this 
case, the continuity of b : £2S>{a) — > ^?J£(dM) has been proved in |KeSj and its image has been 
described in |Bo()j and |Lelj . A complete hyperbolic metric a on int(M) is said to be geometri- 
cally finite if N(a) has finite volume. When a is a geometrically finite metric, £HQl{p) is the set 
of geometrically finite having the same parabolic subgroups as a. In the present paper, we are 
addressing the question of the continuity of the bending map on the whole set of geometrically 
finite metrics. In particular, we are interested in sequence converging to a limit with some new 
parabolics. 

Since we want to consider metric which do not have the same parabolic subgroups, we have 
to allow deformations which are not quasi-isometric. We will consider the set isotopy classes of 
hyperbolic metric on the interior of M, Two metrics o\ and o<i are identified if there exists a 
diffeomorphism / : M — > M isotopic to the identity such that o\ = /*<t 2 . We will consider the 
set ( $&{M') of isotopy classes of geometrically finite hyperbolic metrics which are not fuchsian. 
We will topologize ^J^(M) in the following way. Let us choose a point x in int(M). A metric 
o"2 lies in a (k, r)-neighborhood of o\ if there exists a diffeomorphism g : M — > M isotopic to the 
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identity such that the restriction of g to the ball B(x,r) C (M, a\) is a fc-quasi-isometry into its 
image in (M, <r 2 ). We obtain a basis of neighborhoods of o\ by letting k tend to 1 and r tend 
to +00. The topology defined in this way does not depend on the choice of the point x. For a 
metric a G £^J£"(M), i2J?(<r) can be viewed as a subset of @J^(M). The topology of £}^{a) con- 
sidered as a subset of £^J£"(M) coincides with the topology given by quasi-isometric deformations 

The bending map by^(M) : ^J^(M) — > ^ J£(dM) maps an isotopy class of geometrically 
finite metrics to its bending measured geodesic lamination. The image of has been described 
in [BoQ] and [Lelj. it is the set &(M) of measured geodesic laminations satisfying the following 
conditions: 

- a) no closed leaf of A has a weight greater than it; 

- b) 3rj > such that, for any essential annulus E, i(dE, A) > 77; 

- c) i(X,dD) > 2ir for any essential disc D. 

Taking a careful look at the behavior of the map we notice that it is not a continuous 
map. If a metric a lies in ^JF(M) but has some rank one cusps, its measured geodesic laminations 
A has some compact leaves with a weight equal to ir. Let us denote by A^ the union of the leaves 
of A which have a weight equal to tt. Using the result of |BoO|. it is not hard to construct a 
sequence of metrics a n G Sf^(M) with measured geodesic laminations A n such that the sequence 
(A n ) converges to a measured geodesic lamination Aqo which differs from A only on A^ and which 
have some leaves with a weight greater than tt. Using some arguments of |Lelj . we get that a 
subsequence of (a n ) converges to a geometrically finite metric a^. Since Aqo does not satisfies 
condition a), it is not the bending measured geodesic lamination of (Too. Thus we get that fr^jr 
is not continuous on any neighborhood of a metric with some rank one cusps. To overcome 
this difficulty, we will quotient the space (dM) of measured geodesic laminations by the 
following relationship : 

Let A, \x G ^Jz?(9M) be two measured geodesic laminations and let us denote by A' (resp. 
//) the measured geodesic laminations obtained by replacing by tt the weights of the leaves of A 
(resp. fx) which have a weight greater than ir; we set if and only if A' = //. We denote by 

A the class of A modulo St. 

Let us endow ^Ji?(dM) with the weak* topology and ^Jz?(<9M)/J? with the quotient 
topology. From b<^^(M) we obtain a quotient map b% : 5f^"(M) — ► & + (M) / M . We will prove 
the following result : 

Theorem 1. The map bag from @&(M) to ^J??(dM)/& is a continuous map. 

In |Le2j . we show the reverse of this theorem. This gives rise to a criterion for the strong 
convergence of a sequence of geometrically finite representations p n G U(M). 

The paper is organized as follows. In section 1, we state some definitions and we prove 
some facts about ^££{dM)j&. In section 2, we study convex pleated surfaces and prove the 
continuity of the bending measured geodesic laminations of a converging sequence of convex 
pleated surfaces. In section 3 we use the results of section 2 to prove the continuity of b&. 

1 Definitions 

Let a be a hyperbolic metric (up to isotopy) on int(M). Given an isometry from the interior of M 
to H 3 , the covering transformations yield a discrete faithful representation 
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p : 7Ti(M) — ► IsomiM 3 ). The representations that appear in this way will be called representa- 
tions associated to a. The set of representations associated to a is the set of all representations 
conjugated to p. The image p(iri(M)) is a finitely generated torsion free Kleinian group and 
int(M) endowed with a is isometric to H 3 /p(vri(M)). The Nielsen core of M 3 /p(tti(M)) is the 
quotient by p(iri(M)) of the convex hull C{p) of the limit set L p of p(n\(M)) (see |Th| chap 8] for 
details). This set N(p) and the convex core defined in the introduction are isometric and from 
now on we will identify them. The thick part, N(p) ep of the Nielsen core is the complementary 
of the cuspidal part of / p(ni(M)) in N(p). The representation p is geometrically finite when 
N(p) ep is compact (here it is equivalent to say that N(p) has finite volume) and convex cocompact 
when N(p) is compact. 

When p is geometrically finite and not fuchsian, the natural retraction from H 3 / 1 p(-K\(M)) 
to N(p) associates to a a homeomorphism (defined up to isotopy) h : M — ► N(p) ep . Such a 
homeomorphism will be said to be associated to a. 

Let a £ V^{M) and let p and h be respectively a representation and a homeomorphism 

associated to a. Let h : M — > H 3 be a lift of h, we will define the compactification M of M as 
being the closure of h(M) in the usual compactification of H 3 by the unit ball. 

Let (er n ) be a sequence of isotopy classes of complete hyperbolic metrics on the interior 
of M. The sequence (a n ) converges algebraically when there is a sequence of representations 
p n : 7Ti (M) — > Isom(M. 3 ) associated to a n (as above) that converges algebraically; namely p n (g) 
converges for any g £ tt\{M). We obtain a new representation : tt\{M) — ► Jsom(EI 3 ) defined 

by Poo(g) = hm n >oc p n (g) for any 5 £ 7Ti(M). This representation is discrete and faithful 

(cf. |.Torj ). This representation defines a metric on a manifold homotopy equivalent to M. This 
manifold might not be homeomorphic to M (examples are given in 

The sequence (a n ) converges geometrically if there is a sequence of representations 
p n : 7ri(M) — > Isom(H 3 ) associated to the a n such that (p n (7ri(M)) converges geometrically. 
The sequence of groups {p n (ir\{M)) converges geometrically to a group C Isom{M?) if and 
only if : 

- for any sequence a n £ p n (ni(M)), any accumulation point of {a n \ n £ N} lies in Too] 

- any element 0^ of Too is the limit of a sequence ci n £ T n . 

The sequence p n (iri(M)) converges strongly if there is a sequence of representations p n asso- 
ciated to o n such that (p n ) converges algebraically to a representation p^ and that (p n (ivi(M))) 
converges geometrically to p 00 (m(M)). If (a n ) converges to a for the topology defined in the 
introduction, then (a n ) converges strongly to o"oo (cf. [CEGJ). 

2 Geodesic laminations and the relationship & 

A geodesic lamination L on H 2 is a closed subset which is the disjoint union of complete geodesies. 
A complete geodesic lying in L is a leaf oi L. 

A measured geodesic lamination A is a transverse measure for some geodesic lamination |A|. 
Any arc k as [0, 1] embedded in S transversely to |A|, such that dk C S — A, is endowed with an 
additive measure dX such that : 

- the support of is |A| D k; 

- if an arc k can be homotoped into k' by a homotopy respecting |A| then f k dX = J,, dX. 
We will denote by ^#^f(M 2 ) the space of measured geodesic lamination topologised with the 
topology of the weak* convergence. 

Let S be a surface (which may not be compact) endowed with a complete hyperbolic metric 
with finite area. A geodesic lamination in 5 is a compact subset which is the disjoint union of 
simple complete geodesies. Using the fact that two complete hyperbolic metrics with finite area 
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on S are quasi-isometric, this definition can be made independent of the chosen metric on S (see 
for example jOtlp . A measured geodesic lamination is a transverse measure for some geodesic 
lamination as defined above. Let 7 be a weighted simple closed geodesic with support | —y | and 
weight w and let A be a measured geodesic lamination. The intersection number of 7 and A is 
defined by 2(7, A) = w L dX. The weighted simple closed curves are dense in ^££{S) and this 
intersection number extends continuously to a function i : (S) x ^££{S) — ► R (cf. |Bolj ). 

A measured geodesic lamination A E j#5£{S) is arational if for any simple closed curve c 
which is not homotopic to a cusp, i(c,X) = J c dX > 0. 

Let us recall the definition of & given in the introduction. 

Let A,jU € *M5£{S) be two measured geodesic laminations. Let us denote by A' (resp. //) 
the measured geodesic lamination obtained by replacing by tt the weights of the compact leaves 
of A (resp. fi) which have a weight greater than n. We will say that A is related to \i by the 
relationship and we will write XMfj,, if and only if A' = //. We will denote by A the class of 
A modulo 8& and we will topologise ^ (S) with the quotient topology of the weak* topology 
on JK&(S). 

Let 8 x< qM be the union of the connected components of dM with negative Euler character- 
istic. To simplify the notations, we will note ^if(9M) for ^Jz?(<9 x <oM). 

Let (A n ) be a sequence of measured geodesic laminations such that (A n ) converges to A in 
Jg£?(dM)/M and let A E J(££{dM) a representative of A. Let us denote by A (p) the union of 
the compact leaves of A with a weight greater than it. We have the following : 

Claim 2.1. Let X £ ^fJf(8M) and let X' be the representative of X whose compact leaves have 
all a weight less than or equal to tt. If k C dM is a simple arc such that the points of kD \X\ are 
transverse intersections, then we have J k dX' < lim LdX n . Furthermore, if k does not intersect a 
leaf of X' with a weight equal to tt, then J k dX n converges to J k dX. 

Proof. Let k C dM be a simple arc such that the points of k n |A| are transverse intersections. 
The set %, £ {X) = {76 J?Sf(dM)/\ f k d~f - f k dX\ < e} is a neighborhood of A in JK^{dM). 
Since X n converges to A, for any e, there is n £ such that for any n > n e , 3a n with a n &X n and 
«n £ %, e (A). So, for n > n e , we have | f k da n — J k dX n \ < e. We have J k dX' < f k da for any 
a G ^#=Sf(9^#) satisfying a&X. So we get J k dX' < lim LdX n . 

If k does not intersect any leaf of A' with a weight equal to tt, then we have J k da = J k dX for 
any a such that a&X. So we have e > \ j k da n — J k dX\ = \ J k dX n — J k dX\ for any n > n £ . Letting 
n tend to 00, we get that J k dX n converges to J k dX. □ 

Let A,/i £ ^Jjf(dM) be two measured geodesic laminations. If XM\x, then A and \l share 
the same support. Thus we can define the support |A| of an element A of ^J??(dM) as being 
the support of any representative of A. 

Claim 2.2. Let (A n ) G ^#=Sf(3M) be a sequence of measured geodesic laminations such that (A n ) 
converges to X and that \X n \ converges to some geodesic lamination L in the Hausdorff topology. 
We have \X\ C L. 

Proof. Let x be a point of |A|, let e > be a real number and let A; be a geodesic arc intersecting 
|A| transversely, with length e such that x lies in the interior of k. Since J k dX' > 0, we deduce 

from 12. ll that, for n large enough, we have J k dX n > > 0. Therefore k intersects X n and x 

lies in an e-neighborhood of |A n |. Considering a covering of |A| by discs with radius e and with 
centers lying in |A|, we get that, for n large enough, |A| lies in an e-neighborhood of |A„|. Letting 
e tend to 0, we get |A| C L, □ 
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Claim can also be used to prove that the space j$J£{dM)j£i is a Hausdorff space. 
Lemma 2.3. The space M- Ji?(dM) j£% is a Hausdorff space. 

Proof. Let A and ft be two elements of ^J2?(S)/& such that any neighborhood of A intersects 
any neighborhood of a. So there is a sequence of measured geodesic laminations A n such that 
X n converges simultaneously to A and to /i. Let us denote by A^ (resp. n^ 3 )) the union of the 
compact leaves of A (resp. fi) with a weight greater than tt. Let A' (resp. n') be the representative 
of A (resp. /i) whose compact leaves have all a weight less than or equal to tt. Let k C dM — X^ 
be a simple arc intersecting |A| and \^\ transversely so that J k dX < tt. By Claim l2~T| we have 

f k dfi' = lim n >+oc J k dX n < tt. It follows that /z^ C A^ . Reversing the roles of A and of /x, we 

get fi^ = \( p \ It follows also that we have the equality f k d[i = J k d\ for any arc k c <9M-AK 
This yields the conclusion A = /i. □ 

The following variation of Claim l2~Tl will be used in the present paper. 

Claim 2.4. If c is a simple compact curve that does not intersect X^ transversely, then the 
sequence i(c, A„) converges to i(c,X). 

Proof. If the points of cfl |A| are transverse intersections, we get the conclusion by cutting c into 
two arcs and by applying Claim l2~T1 to these two arcs. 

Let us now consider the case where c C |A|. We will show that any subsequence of (A n ) con- 
tains a subsequence such that i(c, A n ) converges to i(c, A) = 0. Up to extracting a subsequence, 
we can assume that |A n | converges in the Hausdorff topology. Let r be a train track carrying 
all the A ra for n large enough (see |Bolj and |()tlj for details about train tracks). By Claim 
12.21 A is carried by a subtrack of r. Let b\, 62,..., b p be the branches of r. Given a measured 
geodesic lamination a carried by a subtrack of r, the measure bi(a) of a tie of b{ does not depend 
on the choice of the tie. By Claim l2~T| if bi is a branch of r not carrying a leaf of X^ p \ then 
bi(X n ) bi(X). Since c is a leaf of A, it is carried by a subtrack r c of r. For n large enough, 
we have i(c, A n ) = \ J2j<zjbj(X n ) where {bj\ j G J} is the set of branches of r — r c intersecting 
r c . Such a branch bj does not carry a leaf of A^ . It follows then from Claim l2~T1 that bj(X n ) 
converges to bj(X) = 0. Finally, we have i(c, X n ) — > = i(c, A). □ 

3 Convex pleated surfaces 

A pleated surface in a complete hyperbolic 3-manifold M is a map / : S — > M from a surface S 
to M with the following properties : 

- the path metric obtained by pulling back the hyperbolic metric of M by / is a hyperbolic 

metric metric son 5; 

- every point of S lies in the interior of some s-geodesic arc which is mapped into a geodesic 

arc in M; 

- if c G S is a simple closed curve lying in a cusp of S and if c does not bound a disc in S, then 

/(c) does not bound a disc in M. 

A map / : H 2 — > H 3 is a pleated map if any point of H 2 lies in the interior of a geodesic arc 
which is mapped by / into a geodesic arc. 

The pleating locus of a pleated map is the set of points of H 2 where the map fails to be an 
isometry. The pleating locus of a pleated map is a geodesic lamination (cf. jThJ). 
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An abstract pleated surface is a triple (/, T, p) where / : H 2 — > H 3 is a pleated map, V is 
a lattice in Isom{M?) and p : V — ► Lsom(IHI 3 ) is a discrete representation (which may not be 
faithful) such that for any a G T, we have / o a = p(a) o f and that if a G T is a parabolic 
isometry then p(a) is also a parabolic isometry. 

Abstract pleated surfaces and pleated surfaces are related as follows: 

When p(T) has no torsion, the abstract pleated surface (/, T, p) induces a pleated surface 
/ : 5 -> M where S « H 2 /T, M « H 3 /p(r) and where / is the quotient map from /, 

If / : S — » M is a pleated surface, consider isometric covering maps H 2 — > S and H 3 — » M. 
These maps yield representations r : ni(S) — > Isom(EI 2 ) and P : 7Ti(M) — > Lsom(H[ 3 ) and by 
lifting / to a map / : H 2 — ► M 3 we get an abstract pleated surface (f,r(7Ti(S)),Ro /*). 

In the following we will omit the adjective abstract and assume that our (abstract) pleated 
surfaces are torsion free. 

We will consider the following topology on the space of abstract pleated surfaces. 
A sequence {f n ,T n , p n ) of pleated surfaces converge to a pleated surface (f,T,p) if and only if : 

- (r n ) converges geometrically to T; 

- for any sequence a n G T n converging to a G T, p n {a n ) converges to p(a); 

- f n converges to / on any compact set of H 2 . 

Let (/, r, p) be a (abstract) pleated surface (without torsion), let L C H 2 be the pleating 
locus of / and let P be a connected component of H 2 — L. The surface f(P) lies in a geodesic 
plane lip. Given an orientation of H 2 , lip inherits a natural orientation and we denote by Hp 
(resp. Hp ) the half-space bounded by lip such that the union of a direct frame of Up and of 
the inward normal vector to lip is a direct frame of H 3 (resp. indirect). 

A pleated surface (/, T, p) with pleating locus L is a convex pleated surface if : 

1) there is e G {+, — } such that for any component P of H 2 — L, /(H 2 ) lies in Hp; 

2) the interior of Cj = f]{HpjPi is a connected component of H 2 — L} is not empty. 

If a pleated surface (f,F,p) satisfies 1) but not 2), namely if Cj as empty interior, we will 
call it an even pleated surface. 

In the following, for any convex pleated surface (f,T,p), we will choose the orientation of H 2 
so that for any component P of H 2 — L, /(H 2 ) lies in Hp. 

Lemma 3.1. The set of convex and even pleated surfaces is a closed subset of the set of pleated 
surfaces. 

Proof. Let (f n ,T n , p n ) be a sequence of convex and even pleated surfaces converging to 
(foci Loo> Poo)- Let us follow |BoOL Lemmas 20 and 21], to show that foo is either a convex 
pleated surface or an even pleated surface. Let us denote by L n the pleating locus of (/ n , T n , p n ) 
and let us consider a geodesic lamination lying in the closure of {L n /n G N} in the Haus- 
dorff topology. By |CEGj the pleating locus of f^ lies in L^. Let us consider a component 
Poo of H 2 — Lqo and a component P n of H 2 — L n such that (P n ) tends to Poo- Since f n {Pn) 
converges to /oo(Poo) ; up to extracting a subsequence, Hp converges to a half-space Hp such 
that /oo(Poo) C dHp^. Since / n (EI 2 ) converges to /^(H 2 ), we have /oo(EI 2 ) C Hp^. Doing this 
for any component of H 2 — Loo, we conclude that foo satisfies 1). □ 
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Let £ be a point of H 2 , a support plane of /(H 2 ) at f(x) is a hyperbolic plane containing 
f{x) and such that /(H 2 ) lies entirely in one of the two half-spaces bounded by H-fr^y We will 
denote this half-space by . Let k C H 2 be a closed segment, a polygonal approximation to 
f{k) is a finite family $ = {(xi,U^~^)\i = 1, . . . ,p} such that : 

- the Xi are ordered points of k; 

- ^ is a support plane at f(xi); 

- n />») n n /(- !+1 ) ^ for any i = 1, . . . ,p- 1; 

- if Xi-i = Xi = xj+i, then II;,. ^ intersects the interior of H$ — H$ (the planes 

) are "ordered"); 

- the projection of n^.-j n n^.. +i ^ to /(H 2 ) intersects the subarc of k joining &i to xi + \. 

The integer p is the length of the polygonal approximation. We will denote by 6(JI^~ LT^,,. s) 
the internal angle of — 

The existence of a polygonal approximation to any arc f(k) intersecting at most once any 
leaf of f(L) is proved in ( TXT). 

The bending measure fadX along k is defined by Jj^dX = inf^ Yli=i •)' i)) wnere 

$ runs over all polygonal approximations to f(k). 

It is shown in |EpM section 1.11] that this defines a transverse measure A on the pleating 
locus of /. 

A polygonal approximation $ = {(x 4 ,!!*)} to a path f(k) is an (a, s) -approximation if 

- maxi<j<p6>(IL,LL; + i) < a and 

- maxd]fj2(xj, < s. 

The existence of a (5, e)-approximation for any (5, e), and any arc k is shown in |EpM| . In 
the sequel we will need to have (8, ^-approximations with bounded length. The following lemma 
shows there existence. 

Lemma 3.2. Let 5 and e be two positive numbers such that < e < -^§^. Let (f,T,p) be a 
convex pleated surface and let k C H 2 be an arc that intersects the pleating locus \X\ transversely 
so that f(k) intersects at most once any leaf o//(|A|). There is a (5, e) -approximation to f{k) 
with length less than f(f + l)i(fc) + 4(f + 1) = B(e, S, l(k)). 

Proof. Choose p + 2 points xq, . . . , x p+ \ in k — |A| such that we have {x±, x p+ i} C dk, p < 
and d(£i,Xi + i) < e for any i £ {0, . . . ,p}. Choose also a support plane LI j^.^ at f{xi) for each 
i £ {0, . . . ,p}. The first step of the proof will be to extend this family of support planes to 
obtain a polygonal approximation. There are three possible configuration for the positions of 
lis,. * and IT?,. N . Let h be the subarc of k ioining Xi to Xj+i. 

- First configuration : TL? f ~ \ intersects 11;,. v and the projection of II;,. s n II;,. to 
/(H 2 ) intersects the arc k\ C k. In this configuration, {(a^LI^,. »); (xi + i,U^~ ))} is already a 
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polygonal approximation to f(ki). 

- Second configuration : II;,. n does not intersect II;,. v . Let y be a point of k\ and let 

be a support plane at f(y). The 3 half-spaces HJ H7 and HJ intersect the ball 
b(f(y),e) C b(f(y), ^). By |Sa] (see also |E]) these 3 half-spaces are not disjoint, hence 
intersects either n^/-.s or 11^/-.%, So any support plane at a point of f(k) intersects either 
II;,. s or II;,. The arc f(ki) can be extended to an arc into the set of all the support planes 
at f(ki). Therefore there is a point y C int(k) and a support plane at f(y) such that 

{(si,n^.p; (y,n^); (^ i+ i,II^. +i) )} is a polygonal approximation to /(A;,) (cf. |KeS| §3.4]). 

- Third configuration : II ;,. n intersects Pill;,, but the projection of II;,. ^ Pi II;,. to 

J\ x i) J\ x i+1) J\ x -i) J\ x i+1) 

/(H 2 ) does not intersect f(ki). If any support plane at a point of f(ki) intersects either n^.) 
or 11^/.. s then we can find, as in the preceding case, a point y and a support plane LT such 

that {(xj,n^..p; (y,n^); (x i+ i,n^,. +i p} is a polygonal approximation to f(ki). Otherwise, 

there is a point y 6 k and a support plane 11^ at f(y) such that Dy/^ does not intersect 

nor 11^.. s. The planes n^,. n and 11^ are in the second configuration, so there is a point 

z C ki between Xi and y such that {(xj,II^. [z, II^.n); (y,IIj(y))} is a polygonal approxima- 
tion to the subarc of joining Xj to y. Doing the same for n^.^ and n^,-. n we get a polygonal 
approximation to f{k.j). 

Let us do the construction above for all the components of k— {x\, . . . , x p }. In each component 
of k — {xi, . . . ,x p }, we have added at most 3 points. So the resulting polygonal approximation 
has a length smaller than 4p + 4. Let us denote by {(xi,Hf,~ = 0, . . . , 4p + 4} this polygonal 

approximation and let us denote by ki C k the geodesic arc joining £i to Xi + \. We have already 

seen that we can extend an arc f(h) to an arc in the set of all the support planes at f{ki). This 

e(n- (4 ,,n /(4 ,) 

implies that, for any 5, there are points y~j C ki, < j < q + 1 with q < l — — — < j, 

such that we have yo = Xi, y q +± = Xi + \ and 9(TL^. y j) < S. Choosing such points for 

each arc ki, < i < 4p+3, we get a (5, e)-approximation with length smaller than (4p+4)(f + 1). 

Since p < this polygonal approximation satisfies the conclusion of the Lemma. □ 



The following proposition of [KeSJ gives an estimate of the error which is made when approx- 
imating the bending measure : 

Proposition 3.3 (KeS, Proposition 4.8). There is a universal constant K , and a function 
s(a), < s(a) < 1, such that if $ is an (a, s (a)) -approximation to a path f(k), where a < \, 
then we have 



^0(nMr+ 1 )- ldrt\ <k 



a l(k) 



Now we will use this proposition to prove the continuity of the bending measured geodesic 
lamination of a converging sequence of convex pleated surfaces. 

Lemma 3.4. Let (f n ,T n , p n ) be a sequence of convex pleated surfaces converging to a pleated 
surface (foo, Too, Poo) and let X n be the bending measured geodesic lamination of f n . The sequence 
(A n ) converges for the weak* topology to a measured geodesic lamination Aqo and we have one of 
the following two situations : 

- {foo. Too, poo) is a convex pleated surface and Aqo is its bending measured geodesic lamination; 
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- (/ooj Too, Poo) is an even pleated surface, \Xoo\ is the pleated locus o/ /oo and Aqo is obtained 
by endowing each leaf of |Aoo| a Dime mass with a weight equal to ir. 

Proof. Notice that when H 3 / / o 00 (7Ti(M)) is quasi-isometric to H 3 / 1 p n (-K\(M)) this result is a con- 
sequence of results of [Bo3f. By lemma l3~T| (/oo, Too, Poo) is an even or convex pleated surface. 
We will show that any subsequence of (f n ,T n , p n ) contains a subsequence satisfying the conclu- 
sions of lemma ETH the conclusion follows. 

Let us choose a subsequence such that (|A n |) converge in the Hausdorff topology to a geodesic 
lamination Loo- By [CEGl §5.2], the pleating locus of /oo lies in Loo- Let k C H 2 be an arc 
intersecting Loo transversely such that foo(k) intersects at most once any leaf of Zoo (Loo). Since 
(|A n |) tends to /(Loo) in the Hausdorff topology and since (/„) converge to /oo, for n large 
enough f n (k) intersects at most once any leaf of /(|A n |). Fix 5 < j and e < s(5) and choose 
for each n a (5, ^-approximation (xi n ,Tlt ,~ to f n (k) whose length is less than the number 

B(5,s,l(k)) appearing in Lemma l3~2l Extract a subsequence such that for any i < B(5,e,l(k)), 
the sequence (xi n ,H? ,~ -.) converges and denote by (fjoo,n; its limit. Thus we get a 

(5, ^-approximation {(xj i00 ,n^ ,~. ^)} to foo(k) whose length is less than B(5,s,l(k)). 

Claim 3.5. // (/oo, Too, Poo) is a convex pleated surface, then (A n ) converge to the bending mea- 
sured geodesic lamination Aqo of (/oo, Too, Poo)- 

Proof. Assume that (/oo, Too, Poo) is a convex pleated surface and let us denote by Aqo its bending 
measured geodesic lamination. Let us recall that A n tends to A^ if for any arc k CM 2 transverse 
to |Aoo|, (f~ k d\ n ) tends to J^dX^. 

Let k C H 2 be an arc transverse to lAool and let {(xi n , LT t ,~ J} be the (5, el-approximations 
defined above. For any i < p, 11? ^ tends to II; v Therefore, for n large enough, we 
have y^f_i 10(11; ,~ \,IIs ,~ — 0(11; /. s,II; ,~ < S. It follows from Proposition 

13. 31 that we have I J21~-i 0(B; ,~ ^,^; lx ,) — (idX n \ < K5l(k) for any n G N. Hence we have 
I JkdXoo — J k dX n \ < 2K5l(k) + 5. Letting 5 tend to yields J k dX n — > J^dAoo- The same is true 
for any arc k transverse to |Aoo|, hence A n converges to Aqo. □ 

Next we will consider the case where (/oo, Too, poo) is an even pleated surface. Let us first 
show that all the leaves of the pleating locus |Aoo| of (/oo, Too, Poo) are isolated leaves, namely 
that their projections to H 2 /roo are isolated leaves. 

Claim 3.6. When (/oo, Too, Poo) is an even pleated surface, the pleating locus |Aoo| 0//00 contains 
only isolated leaves. 

Proof. Choose two distinct successive points and denote by ki the subarc of k 

joining x,- h00 to 2^+1,00. Let y be a point of int(ki) and let (n^- ) be a sequence of support planes 
at f n (y) converging to a support plane at /oo(y)- For n large enough, y lies in the subarc 

of k joining X{^ n to Xj+i, n - Since {(x^n, ^ ^)} is a (5, ^-approximation, intersects both 

n /n(^,„) and andwenave ^ n /„(^)' n / n (S)) < S and ^ n /„(y)' n /„(^ +1 , ra )) ^ 6 - 

Letting n tend to 00 yields 9(11 ? ,^,Ht J < 5 and 9(11; ,-.,,11; ,~ ,) < 5. Since 

(/oo, Too, Poo 

) is an even pleated surface, the dihedral angle between two adjacent support planes 
lies in {0, 7r). Hence we have 6(Tlt /„--,, n» /. = and 6(H? ,,,,11! ,~ ,) = 0. It follows 

that for any arc k C int(ki), i(k, X n ) tends to 0. From the proof of |Bo3| Prop 27] we deduce 
that int(ki) does not intersect the pleating locus of /oo- 
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So we have shown that the intersection between k and the pleating locus of foo lies in 
{£i\ i = 1 . . .p}, in particular this intersection has a finite cardinal. □ 

Endowing each leaf of \\oo\ with a Dirac measure whose weight is equal to tt yields a measured 
geodesic lamination Aoo- 

Let r be a lower bound for the set {d(x\,X2) /x\ and £2 are two different points of kn |Aoo|}- 
By the proof of Claim l3~Kl we can choose r > 0. If {(xjoo,]!; ,~ -.)} is a (5, e)-approximation 

satisfying e < r, we have YXl e ( U U^ «,)' U U^+x ,»)) = 

Replacing the proposition 13.31 by this equality in the proof of Claim l3~51 we get the following 
claim which concludes the proof of Lemma 13.41 : 

Claim 3.7. The sequence (An) tends to Aoo in ^£?(M 2 ). 

Let us notice that in the case where (foo, ^oo, Poo) is even, we did not show that the projection 
of I Aoo I to Hi/Too is compact. We will see further in the text that this is actually true. □ 

We will now improve the description of (foo, ^00, Poo) when it is an even pleated surface. 

Lemma 3.8. Let (f n ,F n , p n ) be a sequence of convex pleated surfaces converging to an even 
pleated surface (foo, Too, Poo)- There is a surface S with geodesic boundary, such that M 2 /Too is 
the double of S and such that the pleating locus \Xoo\ of foo project to dS C Hi/Too- Furthermore 
dS is compact. 

Proof. First the following claim will define S. 

Claim 3.9. All the connected components ofM 2 — \Xoo\ have the same image under foo- 

Proof. Recall that since foo is a pleated surface, the restriction of foo to each connected compo- 
nent of H 2 - |A oo is one to one. 

Assume that Claim 13.91 is not true. There exist two connected components P and P' of 
H 2 — I Aqo I whose closures intersect and whose images under foo are different. There is a point y 
lying in the boundary of the closure of P such that foo(v) lies in foo(P') or a point y lying in the 
boundary of the closure of P' such that foo(y) lies in foo(P)- This two cases are similar and we 
will only deal with the first one. Let us denote by I the leaf of |Aoo| containing y. By the proof of 
Claim 13. 6( I is an isolated leaf. Let k C H 2 be a geodesic arc intersecting I transversally so that 
k H I Aqo I = {y}. For n G N, let (xi tTl ,Hj ^ ,) be the (5, e)-approximation to f n (k) constructed 

at the beginning of the proof of Lemma l3~4l and let us denote by p = B(5, e, l(k)) its length. By 
Claim 13.71 the bending measure on k tends to a Dirac measure whose weight is equal to tt and 
whose support is {y}. It follows that there is i such that (xi iU ) and (xi + i <n ) converge to y and 
such that we have the inequality j < S(ILj ~ yUf n ^ i+1 n )) < 5 for n large enough. 

Let z be the point of P' such that we have foo(z) = foo(y)- For any n, z lies either in a 
connected component P' n of H 2 — | A„| or in the closures of two connected components of H 2 — | A n | , 
in this second case we will denote by P' n the interior of the union of these two closures. Let us 
extract a subsequence such that P n converges to an open subsurface P^ of P' (for example a 
subsequence such that |A n | converges in the Hausdorff topology). Since f n converge to foo on 
any compact set, the sequence f n (Pn) converges to foo(Poo) C foo(P')- 

The point foo(y) lies in foo(Poo), in Hs v and in 11? . and we have the inequal- 

ity ^ < S(Uf ,~ /. J < 5. Therefore, for n large enough, one plane among LT; ^ 

and Hj i v intersects / n (P n ) transversely. This contradicts the convexity of (f n ,T n , p n ) and 
concludes this proof. □ 
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Next we will show that the quotient of H 2 — |Aoo| by has two connected components. 

Let us extract a subsequence such that (| A n |) converges in the Hausdorff topology to a geodesic 
lamination L^ and let x,y C H 2 — be two points whose images foo(x) and foo(y) coincides. 
Denote by P± and P y the connected components of H 2 — |Aoo| containing x and y and assume 
that ift - is equal to . We will show the existence of an element of such that 

The half-spaces HJ - and Hj , converge to . and we have f n {Py) C HI . 

jn\P%) Jn\Py) Joo{Px) ' Jn{Px) 

and fn(Px) C H~T . It follows that the planes II ? , M and 11? ,~ intersect for n large 

fn{Py) Jn\ x ! Jn\y) " 

enough and that the sequence #(n^ (^)II^ tends to 0. This implies that the distance 

d(n fn(i) un fn{jj) )( f n(x), f n (y)) measured on n^ (a) U n^ ( ^ tends to 0. Since we have 

d(Tjf n(&) un fnW )(fn(x), f n (y)) > d^ m2) {f n {x)J n (y)) and since /«, is a local homeomorphism 

on the complementary regions of |Aoo|, there is, for n large enough, an isometry a n G T n such 
that djj2(a n y, x) — ► 0. The distance d^2(y,a n y) is bounded, hence, up to extracting a subse- 
quence, (a n ) converges to some E T^. We have then Oooy = x. 

This implies that any point of / n (EI 2 — |Aoo|) has at most two preimages in H 2 /r oo . Com- 
bining this with Claim mil we get the existence of a surface 5 such that EI 2 /r oo is the double of 
S and that the pleating locus |Aoo| of /oo projects to dS C H^/Too. 

It remains to show that dS is compact. Assume the contrary, then dS contains two asymp- 
totic half geodesies. Let k C S be a geodesic arc joining these two half geodesic. The double 
of k is a simple closed curve c C H 2 /r oo bounding a cusp of H 2 /r oo . The image of c under 
is foo(k) covered twice. It follows that the curve /oo(c) is homotopic to a point in H 3 / / o 00 (r oo ). 
This contradicts the assumption that the parabolic elements of Too are mapped to parabolic 
isometries by poo. □ 

We will conclude this section with two lemmas which will be used in the next sections. They 
are proved in [Lei] (see also [EH)- We will call them slight bending Lemmas. 

Lemma 3.10. Let (f,T,p) be a convex pleated surface, let x± and X2 G EI 2 , let c\ C H 2 be the 
geodesic segment joining x\ to £2 o,nd let C2 C H 3 be the geodesic segment joining f{x\) to /(a^)- 
// there exists e < § such that the bending measure of f{c\) is smaller than e, then 3C £ such 

that l(c\) < C e l{c'i). Furthermore lim e >oC £ = and the sum of the exterior angles that f{c\) 

and C2 make at their vertices is smaller than e. 

Lemma 3.11 (Slightly bent curves are quasi-geodesics). Let (/, T,r) be a convex pleated 
surface, let A be its bending measured geodesic lamination, let c be a simple closed geodesic of 
H 2 /r and let c* be the geodesic of~M?/r(T n ) in the homotopy class of /(c). For any e < | there 

exists C £ and A £ such that if i(c, A) < e then 1(c) < C £ (l(c*) + A £ ). Moreover lim e >o C £ = 1, 

and lim e >o A £ = 0. 

4 The continuity of ba# 

Next we will use the results of the previous section to show the continuity of b@. But first let 
us precise the definition of the bending measured lamination of a geometrically finite metric 
a € &J?(M). Let p : 7ri(M) — ► Isom(M. 3 ) be a representation associated to a and let N(p) be 
the Nielsen core of p. There are a multi-curve A^ and a natural (relative to a) homeomorphism 
/ : 8 x< qM — — > dN(p). This homeomorphism / is constructed by using the retraction 
map from the domain of discontinuity to the boundary of the convex core of the limit set. It 
is well-defined up to isotopy. The surface dN(p) is the image of a convex pleated surface and 
therefore, it has a bending measured lamination. Let us denote by A G ^#Jz?(<9M) the image 
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under / _1 of this bending measured lamination. Adding the leaves of X^ endowed with Dirac 
masses with weights equal to ir we get the bending measured geodesic lamination of a. This 
measured lamination A does not depend on the choice of p (among the representations associated 
to a). 

Given a simple closed geodesic c and a hyperbolic metric s on 3 x< qM, let l s (c) be the length 
of the corresponding s — geodesic. If 7 is a weighted simple closed geodesic with a weight w(j) 
we define l s {"f) by ^(7) = w('j)l s (\'y\). This function l s extends continuously to a function 
l s : Jt££{3M) -» R. 

Given a simple closed curve c G 3 x< qM , and a hyperbolic metric a on int(M), we denote by 
c* the closed a-geodesic in the free homotopy class of c and by Z CT (c*) its cr-length. 

Proposition 4.1. Let (a n ) be a sequence of geometrically finite metrics on the interior of M 
converging to a non fuchsian geometrically finite metric <Too and let X n be the bending measured 
geodesic lamination of a n . The sequence X n converges to X G & + {M)/& and the bending 
measured geodesic lamination of o^ is the representative X' of X that lies in @*{M). 

Pi-oof. We are going to show that any subsequence of (o n ) contains a subsequence satisfying the 
conclusion of the proposition. Let us begin by a result about the curves whose length tends to 
when n tends to 00. 

Lemma 4.2. Let (o n ) be a sequence of geometrically finite metrics on the interior of M con- 
verging algebraically and let (s n ) be the sequence of metrics induced on 3M by a homeomorphism 
h n : M — > N(p n ) ep associated to o n . Then, there is K > such that if c C 3M is a simple closed 
curves that bounds an essential disc, we have l Sn {c) > K. 

Proof. Let D C M be an essential disc and let c G 3M be a simple closed curve which does not 
bound an essential disc. We will say that c intersects 3D essentially if the ends of any lift of e to 
M are separated by a lift of 3D. As in the introduction &{M) contains the measured geodesic 
laminations satisfying conditions a), b) and c). 

Claim 4.3. Let 7 C &'(M) be a weighted multi-curve and let D C M be an essential disc; then 
at least one leaf of 7 intersects 3D essentially. 

Proof. Let 3D be a lift of 3D to 3M. This lift separates 3M « S 2 into two discs C and C . Let 
us denote by 7j, 1 < i < p (resp. 1 < i < p') the connected components of p~ l {^) — 3D lying 
in C (resp. C) whose endpoints lie in 3D. These arcs ij (resp. 70 cut C (resp. C) in p+ 1 discs 
Ci, < % < p (resp. inp' + l discs C' i7 < i < p'). The curves 3C{ and 3C[ C 3M bound essential 
discs in M. It follows from conditions a) and c) that for any i, we have jt{$Cj np _1 (7)} > 3 
and tJ{0Cj' Hp _1 (7)} > 3. If no leaf of 7 intersects 3D essentially, then, for any i, each point of 
3Ci n 3D Hp -1 (7) is the endpoint of an V- and each point of 3C[ n 3D n p^ 1 (7) is the endpoint 
of an Lj. This implies that 3{p + 1) = 2p' and that 3(p' + 1) = 2p. We get p + p' = —6. This 
contradiction shows that at least one leaf of 7 intersects 3D essentially □ 

Let (c„) be a sequence of simple closed curves such that each c n bounds an essential disc 
and that l Sn (c n ) — ► 0. For large n, c n is the core of a wide Margulis tube T n C 3M. 
Let c\^ n and C2, n be the boundary components of T n and let us choose T n so that we have 
l Sn (ci, n ) = l.s n (c2, n ) — * and d Sn (ci jTl , Cn) — * oo. Let 7 G ^(M) be a weighted multi-curve 
and let us extract a subsequence such that a leaf e of 7 intersects all the c n essentially For 
each n, let e* be the <r n -geodesic in the homotopy class of e, let e*, c n and T n be lifts of e*, 
Cn, T n respectively. Let II be a geodesic plane containing e*, let ci jn and C2,n be the compo- 
nents of 3T n . Let k n and A;^ be the two connected components of T n n n and let k„ and be 
the geodesic segment of LT joining the endpoints of k n and k' n , see figure ^ Assume that 3k n 
and does not lie in the preimage of X n . Let d n and d' n be the intersections of IT and of 



12 



Figure 1: The section II n C(p n ) 



support planes at k n n ci jn and at k n n ci jn respectively. The section C(p n ) n II lies between 
d n and <i n . Since e* lies in C(p n ), e* does not intersect d n nor d' n . The arcs K n and k' n are 
very close, this implies that the angle a\ between d n and h n is small. The same considerations 
apply for the angle «2 on the other vertex of R n . Let a < | be an upper bound for «i and 
a?2 and set r n = max{<i(ir, R n )/x G k n } < max{d(x, e*)/x G fc n }- Any point x lying in k n 
lies in a simple closed curve c XtU C T n homotopic to c n such that l Sn (cx,n) < ^„(ci,n)- This 
curve c Xjn bounds a disc with diameter less than l Sn (c x ,n) which intersects e*. It follows that 
f n < ^s„(cin) — ► 0. A computation using Fermi coordinates (compare with |Lel| Lemme A. 2]) 
yields l an (k n ) < vl + tan 2 a (chr) 2 l an (k n ). Since the width of T n tends to infinity, we have 
l an (k n ) — ► oo. So we get la n (K n ) — ► °°- Since any point of K n is close to the geodesic e*, we 
have la„(^n) — * 00 • But ^ ms contradicts the algebraic convergence of (<7 n )- d 

Since (a n ) converges to a^, we may choose representations p n : tti(M) — > Isom(EI 3 ) as- 
sociated to cr n such that (p n ) converges algebraically to a representation poo associated to 
and that (/9 n (7ri(M))) converges geometrically to Poo(^i(M)). For n G N, let A n be the bending 
measured geodesic lamination of a n . Denote by An the union of the leaves of X n which have a 
weight equal to tt. Let M n = H 3 / p n (iri(M)) and let h n : M — A^ — > N(p n ) be a homeomor- 
phism associated to cr n . 

Let be a point in dN(p QO ), let d Xoo N(p QO ) be the connected component of dN(p OQ ) con- 
taining and let S be a connected component of dM — A^ satisfying h 00 (S) = d Xoo N(p 00 ). 
Let Xqo G C(poo) be a lift of and let d Xoo C{p OQ ) be the connected component of dC{p 00 ) 
containing Xqo. By |Taj . the convex hull C(p 00 ) of L Poo is the limit of (C(p n )) with respect to 
the Hausdorff topology. Hence there exists x n C dC{p n ) such that (x n ) converges to Xqo. Let 
us denote by d Xn C(p n ) the connected component of 8C(p n ) containing x n and by d Xn N(p n ) 
its projection to N(p n ). There is a connected component S n of dM — X„ and a pleated map 
g n : S n — > M onto d Xn C(p n )/ p n (iri(M)). Let (g n ,r n ,r n ) be the pleated surface that lifts g n , 
namely the map g n : H 2 — > d Xn C(p n ) is onto, r n : T n — > p n (7ri(M)) is onto the stabilizer of 
d Xn C(p n ) and the quotient map H 2 /ker(r n ) — ► d Xn C(p n ) is a homeomorphism. By |CEG| Theo- 
rem 5.2.2] and Lemma POl a subsequence of the sequence of pleated surfaces (g n , T n , r n ) converges 
to a pleated surface (goo, ^oo, ?"ao)- 

By Lemma l3~Tl (goo, T^, Too) is a convex or even pleated surface. Since Xqq G ^(H 2 ), then 
<?oo(H 2 ) C dx 00 C(p 00 ) and ^(Too) C poo(n\(M)) is a subgroup of the stabilizer of d Xoo C(p OQ ). 

Lemma 4.4. The quotient map g^ : H 2 /r oo — > d Xao N(p OQ ) is a homeomorphism. 

Proof. Set C§ n = PH-Hp/P, is a connected component of M 2 — L}. For any n G N, we have 
C(pn) C Cg n . Since cr n converges to (Too, it follows from |Taj that C(p n ) converges to C(p oc ) in the 
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Hausdorff topology. So we get C(poo) C Cg^. Since p^ is not fuchsian, we have int{C{p QO )) / 0. 
Therefore int(C goo ) ^ and (yoo> Too, Too) is a convex pleated surface. By |EpM| , this implies 
that goo is a covering map. 

Let 7„ be the bending geodesic lamination of g n . Extract a subsequence such that (|7 n |) 
converges to some geodesic lamination in the Hausdorff topology. 

Assume that g^ is not a homeomorphism. There are two points (H 2 — iooVr'ootToo) 

such that goo{z) = 5oo(y)- If we lift the situation to H 2 , we get z,y C H 2 — and Poo(a) G 
Poo(^i(M)) such that z G" Tooy and that goo(z) = Poofa) °<?oo(y)- The sequences z n = g n {z) and 
Vn = Pn(a) <?n(y) converge together to g^ (z). Let Ug n and be support planes of C n (p n ) 
at z n and y n . The half-spaces (Hf ) and (-ffyt, ) tend to half-spaces Hf and Hf respectively. 

These two half-spaces Hf and Hf are bounded by the support plane at goo(z). Thus we 

have either Hf n ff± = n §oo(i) , or ff+ = flf. 

Since C(p 00 ) C C n Hf and since p 00 (7Ti(M)) is not fuchsian, we have 

HJ n Hf / n^^). So we have HJ = Hf. This implies that for large n, if TLz n are Iiy n 
disjoint then we have either H^_ C ii/J or Hf^_ C . We get a contradiction with the 

fact that we have y n C C(p n ) C iTjj. and z n C C(p n ) C -f^. . We deduce that, up extract- 
ing a subsequence, IL$ n intersects IIy n . It follows that, for n large enough, y n (HI 2 ) intersects 
Pn( a ) 5«(H 2 ). Therefore g n (M. 2 ) and /3 n (a) o y n (IHI 2 ) coincide. Since Hf_ is equal to Hf_, the 
dihedral angle 9(Uz n ,Uy n ) tends to 0. This implies that the distance between z n and y n mea- 
sured on g n (Il 2 ) tends to 0. Since yoo is a covering map, there is a neig hborhood Y(z) C H 2 of 
z such that, for n G N large enough, the map g n \^(z) '■ ~^ 9n(^(z)) is a homeomorphism. 

For n large enough, y n lies in g n {Y(z)). Hence there is y' n G Y(z) such that g n {y' n ) = Vn- Since 
9n(y' n ) = Pn(a)og n (y) and since r n (T n ) is the sabilizer of y„(HI 2 ) in p„(7Ti(M)), there is a n G T n 
such that a n y = y^. The point y' n lies in 7^ (I), so a n moves y a bounded distance. Therefore 
there is a subsequence such that (a n ) converge to an isometry Oqo G Too. Moreover g n (y' n ) tends 
to <7oo(£)) hence (y£J tend to z. Thus we get a^y = z. This yields a contradiction with the 
assumption that z G" r^y and concludes the proof of Lemma l4~4l □ 

Let F be a compact subset of S such that the connected components of S — F are infinite 
annuli. Since T n converges geometrically to T^, by Mumford Lemma (cf. |CEGj ) there are e > 
and maps l n : F — » EI 2 /r n with the following properties: 

- l n is a homeomorphism onto its image; 

- £ n (.F) is a connected component of the e-thick part of HI 2 /T n ; 

- the induced representations l n * : iti(F) — > T n converge to an isomorphism Zoo* : 'Ki(F) — > Toe,; 

- ^oo loo coincides with on F C <9M. 

Let us show that, for large n, g n o Z n : F — > dN(p n ) is isotopic to /i n . Let F be the universal 
cover of F and let i n : F — > H 2 be a lift of l n . Since converges algebraically, we can choose 
the l n such that they converge to on compact sets. Since (g n ) converges to c/oo, the sequence 
{dn In) converges to goo o on compact sets. 

Let x G int(M). Since (c n ) converges to ((Too), there are diffeomorphisms u n : M — > M 
isotopic to the identity which satisfie the following : for any k > 1 and r > 0, there exists n(k, r) 
such that for n > n(k,r), the restriction of u n to B(x,r) C (M, Uoo) is a fc-quasi-isometry into 
its image in (M, cioo). For n G N, set M n = H 3 //9 n (7Ti(M)) and let x n G M n be the projection of 
the origin o G H 3 . For n G N, the metric <r n yields an identification between (int(M),a n ) and 
M n such that x is identified with x n . Thus we can consider the restriction of u n to int(M) as 
an homeomorphism u n : — > M n . 
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Let u n : H 3 — » H 3 be a lift of u n such that €t n (o) = o. Since (p n (7ri(M))) converges geomet- 
rically to poo(7ri(M)), u„ : H 3 — > M 3 converges to the identity on compact sets (see (BePj). 

Since (g n o /„) converges to goo o ^ on compact sets, the sequence u^ 1 o g n o Z n converges 
to o on compact sets. Furthermore, F has a compact fondamental domain. Hence 
u n l ° 9n ° In '■ F — ► converges uniformly to g^ o which coincides with hoc. It fol- 

lows that for large n, u^ 1 o g n o l n is isotopic to h^p. Therefore g n o l n is isotopic to u n o /lo^i?. 
Since u n is isotopic to the identity, u n o /i^f is isotopic to /i n . Thus we can change l n by an 
isotopy such that g n o / n coincides with /j n on F. 

Let 7 n be the bending measured geodesic lamination of g n and let 7„ G (IH 2 /T n ) be its 
projection. Let fc C F be an arc such that loo(k) is transverse to |7oo| and let k C F be a lift of 
k. The arcs l n (k) converge to loa(k). Since the convex pleated surfaces (<?n,r n ,r n ) converge to 
{§00,^00, Too), Lemma E31 yields d% — ► Jt^^) d ^°°- Since, for any n £ N, g n ol n coincides 
with h n on F, we have J k dX n = fa ,^ dj n where X n is the bending measured geodesic lamination 
of a n . Thus we get J k dX n — * J k dXoo- 

Doing the same for each component of dM — X$$ , we conclude that for any arc k C dM-Xil ] 
transverse to |Aoo|,we have J k dX n — > J k dXoo. It follows that (A n ) converges in ^Ji?(dM)/& 
and that the limit A differs from Aoo only on X^ p \ namely if A is a representative of |A| then 
removing from A the closed leaves which lie in X^ yields the same measured geodesic lamination 
as removing A^ from Aoo. Thus, if we show that the leaves of A^ are leaves of A with a weight 
greater than or equal to tt, we can conclude that A n converges to Aoo. 

Claim 4.5. Let X be a representative of X; any leave c of A^ is a leave of X and has a weight 
greater than or equal to tt (as a leaf of X). 

Proof. Let c be a leaf of |A^| C |Aoo|. Since X n converges to A which satisfies |A| C \\oo\> then 
either c is a leaf of A and we will denote its weight by w(c), or c is a simple closed curve disjoint 
from A and we will take w(c) = 0. 

We will prove the claim by assuming that w(c) < it and by ending in a contradiction. 

Let S be a component of dM — A^ whose closure contains c. From the fact that r n (iri(S)) 
converges geometrically to ^(-^1(5)) we deduce that l s „( c ) — * 0- 

In the case where, up to extracting a subsequence, i(c,X n ) is equal to for all n, it follows 
from |Bo()l Lemma 19] that c is a leaf of A with a weight equal to tt. 

Let us consider the other case and let us extract a subsequence such that i(c,X n ) > 0. Let 
i] > be a number such that ir — r\ is less than w(c). The curve c lies in the boundaries of 
two surfaces F 1 and F 2 (which may coincide) such that the following holds : c C int(F 1 U F 2 ) 
and either F 1 (resp. F 2 ) is a pair of pants satisfying in^F 1 ) n |A| = or there is connected 
component of A which is an arational geodesic lamination in F 1 (resp. F 2 ). We will only deal 
with the case where F 1 and F 2 are distinct, the other case is handled in the same way. Let 
d be a simple closed geodesic intersecting c in two points such that i(d, X — c) < rj. We have 
i{c, X) < 2tt — rj. Consider a point x\ (respectively x 2 n ) of d n F 1 — X n (respectively d n F 2 — X n ) 
lying in the thick part of (F l , s n ) (respectively (F 2 , s n j). We may choose the x° n so that if k\ and 
k 2 are the connected components of d — {x^, x^} then we have jy dX — > fp^g existence 

of such points xh comes from the fact that in a neighborhood y(c) of c, A n n ^(c) is a family 
of compact arcs each one spiraling many times toward c (because c lies in any limit of X n for 
the Hausdorff topology, see Claim 12.211 and carrying a small measure (since, by Claim 12.41 we 
have i(X n , c) — > 0)) Let y n C^bea point such that if K J n is the segment of k? n joining x\ and 
yi, (cf. figure EL then we have f 3 dX n — > l ( d '^> . Let k 3 and kL be the segments joining xl to 
y 2 and y\ to x 2 n respectively. We have J k j dX n — > li^i < | - 2 f or an y j g {1,2,3,4}. For 
j £ {1, 2, 3, 4}, consider a lift K J n C C(p n ) C H 3 of K 3 n such that (J ■ K J n is connected. Let d J n C H 3 
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kS? K n K n 4 



Figure 2: Cutting c 



be the geodesic segment joining the vertices of K n . 

If there is jo such that l Sn {nn) is bounded, then Kn is entirely contained in the thick part 
of (F 1 U F 2 ,s n ). Since f^F 1 ) and f n (F 2 ) tend to pleated surfaces whose bending measured 
geodesic laminations are A fl F 3 , we have lim n >oc f J0 d\ n < i(d,\ — c) < rj. Furthermore, 

we have f j (iA n — > hence i(c, A) < 4r/. Since d intersects c transversally, and since 

h n {d) — * 0) h n {d) tends to oo. Taking ?? < |, we get from the slight bending lemmas (Lemma 
13. lip that lcr n (d*) > Ci v (l Sn (d) + A^). Thus l a „{d*) tends to oo contradicting the algebraic 
convergence of /3 n . 

Thus we have Vj, l Sn (^n) — ► oo. The slight bending Lemmas fLemma I3.10|l says that 
there is C > such that l Sn {Hi) < Cl an (d n ) and that the interior angle between two adjacent 
segments d J n is greater than ^. Let a be the element of -ki(M) such that /9 n (o) fixes d* and let 

= Uiez-j=i 2 3 4 at ( K n)- The curve (i n is the union of long geodesic segments with interior 
angles greater than 2. it follows from a classical result (see [Dt2j for example) that there is K 
such that l(d n /a) is smaller than Kl an (d*). Thus we get l Sn {d) < Cl(d n /a) < CKl an (d*). Since 
ls„(d) — > oo, this yields a contradiction with the algebraic convergence of a n . □ 

It follows that A = Aqo. Thus Proposition 14, II is proved. □ 
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